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Abstract

Let 5 = {a.b,e,...} and I' = {e, 5,7,...} be two nonempty sets. 5 is called a
I-semigroup if aab € S5, for all & € T and a,b € § and (aah)Fe = aa(bSe), for all
a.b,ece S and for all . 3 € I'. An element e € 5 is said to be a-idempotent for some
v & I if eeve = e. A T'- semigroup S is called regular I'-semigroup if each element of
S is regular ie, for each a € 5 there exists an element x £ 5 and there exist a, 3 & T
such that a = eaxBFa. A regular I'-semigroup S is called a right orthodox I'semigroup
if for any o-idempotent € and S-idempotent f of S, eaf is a S-idempotent. In this
paper we introduce ip - congruence on regular I'-semigroup and ip - congruence pair

on right orthodox I'-semigroup and investigate some results relating this pair.
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1 Introduction

Let S ={a.b.e,...} and ' = {a, 3.7, ...} be two nonempty sets. S is called a [-semigroup
if

(1)aab e S, for all « € " and a,b € S and

(i1)(acab)3c = aa(bfe). for all a,b.c € S and for all o, 7 € T.
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A semigroup can be considered to be a Msemigroup in the following sense. Let S be an
arbitrary semigroup. Let 1 be a symbol not representing any element of 5. Let us extend
the binary operation defined on S to 5 U {1} by defining 11 =1 and la = al for all a £ 5.
It can be shown that S U {1} is a semigroup with identity element 1. Let I' = {1}. If we
take ab = alb, it can be shown that the semigroup 5 is a I'—semigroup where I' = {1}.

In [1] we introduced right orthodox I-semigroup. In [2] Gomes introduced the notion of
congruence pair on orthodox semigroup and studied some of its properties. In this paper we
introduce the notion of ip - congruence on regular I'-semigroup. ip - congruence pair on right
orthodox I semigroup and studied some of its properties. We now recall some definition and

results.

Definition 1.1 Let S be a I'-semigroup. An element a € S is said to be regular if a € al'STa
where al'STa = {aabfa 1 b€ 5 a, 3 € I'}. 5 is said to be regular if every element of 5 is

regular.

Example 1.2 [6] Let M be the set of all 3 x 2 matrices and U be the set of all 2 % 3 matrices

over a field. Then M is a reqular T semigroup.

Example 1.3 Let S be a set of all negative rational numbers. Obviously S s not a semigroup
under wsual product of rational numbers. Let T = {—!l:r 1 pis prime }. Let a,b,ec € 5 and
a € I'. Now if ach is equal to the usual product of rational numbers a, a, b, then aab € S and

(aab)fc = aa(bfc). Hence S 1s aT-semigroup. Leta =7 € 5 wherem = 0 andn < 0. Sup-

POSE M = P, Pyeeeeeeeenp,, where p s are prime. Now P—&lpz"; """ - [_Flj}p—g ______ ?--P;,_j [—F_L]—r: =
Py Do eeeenns T . 1 1 B
it e St ) . P | S— , — [— L 7 — (-1 . y )

- . Thus taking b = E— s = ( PJ} and 7 = | Fk} we can say that a is

reqular. Hence 5 is a regular I'-semigroup.

Definition 1.4 Let S5 be a Msemigroup and a« € I Then ¢ £ 5 is said to be an a-
idempotent if ene = . The et of all a-idempotents is denoted by E,. We denote U E, by

a=]”
E(S). The elements of E(S) are called idempotent element of 5.

Definition 1.5 Let § be a I-semigroup and a.b € 5, o, 3 € T'. b is said to be an (o, 5)-

inverse of a if a = anhFa and b = bfaab. This is denoted by b€ V7(a) .

Definition 1.6 Let 5 be a I'zemigroup. An equivalence relation p on S is said to be a right

(left) congruence on S if (a,b) € p implies (aac, bac) € p, ((caa,cab) € p) for all a,b,c € S
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and for all & € I'. An equivalence relation which is both left and right congruence on 5 is

called congruence on S.

Theorem 1.7 Let S be a regular T-semigroup and a € S. Then V?(a) is non-empty for

some o, 3 €T

Proof: Since 5 is regular there exist b€ 5 and o, 3 € T such that a = aabfa. We consider
the element bFaab. Now aa(bfaab)fa = (aabfa)abfa = aabfa = a and (bFaab)Saa(bfaab) =
ba(aab)fa)abfach = bFanbBaab = b3aab. Hence bfaah € VP (a).

Definition 1.8 /1] A regular I'-semigroup S is called a right orthodox I-semigroup if for

any a-idempotent e and S-idempotent f of S, eaf is a g-idempotent.

Example 1.9 [1] Let A = {1,2,3} and B = {4,5}. S denotes the set of all mappings from
A to B. Here members of S will be described by the images of the elements 1, 2. 3. For exam-
ple the map 1 — 4, 2 = 5, 3 = 4 will be written as (4,5,4) and (5,5,4) denotes the map 1 —
525 3—4. A map from B to A will be described in the same fashion. For example (1,2)
denotes4 —+ 1,5 =+ 2. Now S = {(4., 4,4),(4,4,5),(4,5.4),(4.5.5), (5,5,5). (5,4,5), (5.4, 4),
(5.5.4)} and let T = {(1.1),(1.2),(2.3),(3.1)}. Let f.g € S and a € T. We define fag by
(fag)(a) = fa(gla)) for alla € A. So fag is a mapping from A to B and hence fag € S
and we can show that (fag)8h = fa(gBh) for all f.g.h € § and a, 8 € . We can show
that each element r of S is an a-idempotent for an o € T and hence cach element is reg-
ular. Thus S is a regular T-semigroup. Moreover we can show that it is a right orthodor

[M-semegroup.

Definition 1.10 1] A regular M-semigroup M is a right orthodox T-semigroup if and only
if fora,be S, a,,a,,.8,.5, el a € 1:? (a) and V' € 1-'}? (b), we have V'53,a’ € 1-';” (ac b).

Theorem 1.11 Let 5 be a recular I'ssemigroup and E, be the set of all a-idempotents in

S. Let e € E, and f € E5. Then
RS(e.f) ={g € V§(eaf) N E, : gac = fBg = g}

is non-empty.

IJLSM | December 2014, Available @ http://www.ijlsm.org




International Journal on Recent Trends in Life Science and Mathematics (IJLSM) ISSN: 2349-7955
Volume: 1 Issue: 5 1-23

Proof: Since S is regular, there exist b € 5 and ~, 4 € T such that ea fybéeaf = eaf and
béea fb =b. Now (eaf)3( fvbie)aleaf) = eafbdeaf = eaf and ( fybde)a(ea f)5( fbée) =
frbéeafybée = frbde. Hence fybde € Vi(eaf). Thus Vi{eaf) # ¢. Now let x € Vi (eaf)
and setting g = fSrae we have gog = ( fSrae)al ffrae) = fH(xae)afBr)ae = fHrae = g.
Thus g € E,.

Agpain goeaf83g = ffracaeafSflrae = flraeaffrae = ffrae = gand eafBgaecaf =
eafiffracacaf = caffracaf = caf implies that g € Vi (eaf) . Hence gae = fAracae =
fBrae = g and fBg = fAfBrae = fFrae =g . Therefore RS(e, f) £ 0.

Definition 1.12 Let 5 be a regular T'- semigroup and e and f be o and S-idempotents re-
spectively. Then the set R5(e, f) deseribed in the above theorem is called the right sandwich

set of e and f.

Theorem 1.13 Let S be a regular I-semigroup and e and f be o and S-idempotents re-

spectively. Then the set RS(e, f) = {g € V§{eaf) : goe =g = fBg and eagaf =eaf}.

Proof: Let P = {g € V§{eaf): gac = g = ffg and eagaf = caf} and let g € RS(e, f).
Then g € Ea,gae = g = ffg and g € Vi{eaf). Now eagaf = eagacafigaf =
eafBgoeaflgacaf = eaffgacaf = eaf. Hence RS(e, f) € P. Next let g € P. Now
gag = gaeaf3g = g. Hence g € E,,, which shows that P C RS(e, f)} and hence the proof.

Theorem 1.14 Let S be a regular I'- semigroup and a,b € S.If o’ € VZ(a). ¥ € Lff[b} and
g € R5(a’'Ba,byl') then bdgaa' € lf’f(aab].

Proof: Let € = a’'3a and f = byF. Then e be an o-idempotent and f is a d-idempotent
and also g is an o-idempotent. Now (aab)y(bdgna’)3{aab) = acfégueal = aagab =
aca’ Facegabyh'db = aceagoeab = aaea féb = ana’ faabyb'6h = anb. Again (Fégan')d(aah)y(bégaa') =

Figoea fogoa’ = Fdgagaa' = Hdgaa'. Hence Fdgoa' & 1-':}3[11::6].
Corollary 1.15 For a,b € S, if V7(a) and V(b) are nonempty then V.*(aab) is nonempty.

Proof: Let @’ € V(a) and ¥ € V(b) then we know that RS(a'Ba,byl) # ¢. For g €
RS(a’'Ba,byb') and hence we get bdgaa’ € V.7(aab). Hence the proof.

Throughout our discussion we consider 5 as a regular I'-semigroup.
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2 Ip - congruence pair on right orthodox I'-semigroup

In this section we characterize some congruence on a right orthodox IM'semigroup.

Definition 2.1 Let 5 be a I'semisroup. A nonempty subset K of S is said to be partial

M-subsemigroup if for a, b € K, aab € K, whenever 1-:5[:1} # ¢. for some o, 3 €T

Definition 2.2 A partial I'-subsemigroup K of S is said to be regular if V7 (k) € K for all
ke Kand o, 3T

Definition 2.3 A partial I'-subsemigroup K is said to be full if E{S) € K where E(S) is

the set of all idempotent elements of S,

Definition 2.4 A partial I-subsemigroup K of 5 is said to be self conjugate if for all

ac S ke Kanda e I-f{a], a' Gk~va € K whenever ‘r",,f[ k) # ¢ for some v, 8 € T

Definition 2.5 A partial I'subsemigroup K of 5 is said to be normal if it is regular, full

and self conjugate.

Definition 2.6 An equivalence relation p on S is said to be left partial congruence if (a. b)
p implies (co,a, co,b) € p whenever 1-';1; (c) is nonempty. Note that every left congruence is
a left partial congruence.

Here we consider these left partial congruence which satisfy the following condition:
(a.b) € p implies (acvic, basc) € p whenever each of the sets V’j’ (a), 1.12 (b) is nonempty for
ai, 3; € e = 1,2, We eall this left partial congruence as inverse related partial congruence

(Ip - congruence ).

Example 2.7 Let us consider the example given in Example 1.9, We now give a partition

5= U S; and let p be the equivalence relation vielded by the partition where each 5; is
1<ish

given by:

= {(4.4.4)},

= {(5,5,5)},

= {(4.5.4),(5,4,5)},
E'fa = {(4,5.5),(5,4,4)},

S: = {(4.4.5),(5,5,4)}. 5
IJLSM | December 2014, Available @ http://www.ijlsm.org




International Journal on Recent Trends in Life Science and Mathematics (IJLSM) ISSN: 2349-7955
Volume: 1 Issue: 5 1-23

Here we see that (4, 5,4)p(5,4,5) but (4,5,4)(3,1)(4,4,4) = (4,4,4) and (5,4,5)(3,1){4,4,4) =
(5,5,5) Le pis not a congruence.
Now for f £ 5 we observe the following cases:
fa) (4.4, 4)af =(4,4.4) forall a € T,
(b) (5,5,5)af =(5,5,5)forall a € T,
(c) (4,5,4)(1,2)f = f and (4.5.4)(2.3)f = f",
(5,4,5)(2,3)f = f and (5,4,5)(1,2)f = f".
(d) (4,4,5)(2,3)f = f and (4,4,5)(3,1)f = "
(5,5.4)(3.1)f = f and (5.5,4)(2.3)f = f".
(c) (4.5,5)(1,2)f = f and (4,5.5)(3,1)f = f"
(5,4,4)(3.1)f = f and (5,4, 4)(1,2)f = f".

From the above cases we can easily verify that p is an ip - congruence on 5.

Definition 2.8 An ip - congruence & on E(S) of 5 is said to be normal if for any a-
idempotent ¢ and S-idempotent f,a € S and a’ € V’(a), (e, f) € £ implies (a'deaa, a'd f3a) €
£ whenever a'dean, a’d fFa € E(S).

Let p be an ip - congruence on a regular I' - semigroup S. Then we can define a binary
operation on S/p as (ap)(bp) = (aah)p whenever VF({a) # ¢ for some 3 € I'. Note that
VP(a) # ¢ for some o, 3 € T, because S is a regular I'-semigroup. The operation is well

defined because if ap = a’p and bp = bp then

(ap)(bp) = (aah)p (Since VP {a) # ¢ for some o, 3 € T')
= (aab)p
= (a'ab)p(Since 1-’251‘ (a') # ¢ for some a,, 5, €T)
= (a'p)(t'p).

Using Corollary 1.15 we can say that the operation is easily seen to be associative, and

s0 S/ p is a semigroup.

Definition 2.9 Let p be an ip - congruence on a regular Msemigroup 5. Let o € T, then

the subset {a € S 1 ap € E(S/p)} of S is called the kernel of p and it is denoted by Kerp.

Definition 2.10 Let p be an ip - congruence on a regular I'-semigroup 5. Then the restrie-

tion of p to the subset E(5) is called the trace of p and it is denoted by trp.
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Theorem 2.11 Let p be an ip - congruence on a regular I'semigroup S. Let a,b € 5 and
suppose that a' € V?(a). b’ € V(b) are such that a’'8b € Kerp and either (aaa’, byl daaa') €
p or (byb| aca’ 3byb') € p. Then bya" € Kerp.

Proof: Let a’'8b € Kerp for some o' € V5(a) and let a’Sbpe for some p- idempotent e.
If (aca’, byl daca’) € p for some B € VI(b) then (bya', bya'Bbybdaca’) € p which implies
(bya', brya' Bbyb daca’) € p and so

(bya") 3(bva') ((bya') Bbybéa’) B(brya’ BbyH daca’)
(bva')B(byb Vdac(a’ Bb) (a’ Bb)Ab daca’
(bva')BbyH Sacepepb'daca’

bya Bb b dacepd'Sacd’

bya' Bb b daca’ Bl daca’

(bva' Bby b daca’) B(byb'daca’)

p (bya')3(acd’)

= by

=T~ T = T = T =

Hence brva' € Kerp.
If we now suppose that (byb', aca'Bbvl') € p for some b € VI (b) then (bya', aca’ Sbvya') €

g and so

(bya')B(bya’)  p  (acd’)Sbya’)3(aca’ Sbya’)
= ao(a Bbya’' 5b)va'
g aneped
= aoepa’
p  aadBhya
p o brya,

Hence bya' € Kerp.

Theorem 2.12 If p be an ip - congruence on a regular U'-semigroup S then for all a,be S
if there exist a’' € V7(a) and ¥ € V2(b) such that o'8b € Kerp, (acd’,lyb'daca’) € p and
(b'db, b'ébya'Fa) € p then (a,b) € p.

Proof: Let us suppose that a,b € S are such that for some o' € V(a) and &' € V*(b) such
that a'gb € Kerp, (ana’, byl daca’) € p and (Véb, bdbya’Sa) € p. Then 7
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and

Now by Theorem 2.11 {(bya')p € Es(S5/p). Let tp € RS((bya')p, (aca)p).

= ana' fa

p  béaaa Fa

— bbb

= bbb
g by ébvya'Ga
= bvya'Sa.

Now let zp = (a'p)3(tp)F((bya’)p), then

rdbyr p
p

el
el
el
and

by gb

Hence xp € VP (bp). Now

(bp)y(xp)Blap) =

o Bt Bbrva’ Bbra’ Bt Bbya’
o Bt 3t Abya’

o Bt

o Bt fbra’

£

brya' 3t 3bya' 3b
brya' 3t 3b

brya' 3t Bbya’ Ba
brya' Gt 3a
bya' 5t faca’ Ba
bya' Baca’ Ga
brya’ Ba

b.

=T~ T - T < T T < T < T =

(bya')pBStpBbya’)pBlaca’)pB(ap)
(bya')pBlaca’)pS(ap)
(bya')pBlap)

bp.

Also (bp)y(bp) = (bp)y(xp)F(bp)y(Vp). Hence
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ap = (bp)y(Fp)dlap)
= (bp)v(xp)B(bp)y(b'p)d(ap)
= (bp)y(xp)B(ap)
— I
Thus (a,b) € p.

We now treat S as a right orthodox I'-semigroup throughout the paper.

Definition 2.13 A pair (£, K') consisting of a normal ip - congruence £ on E(S) and a
normal partial I'- subsemigroup K of 5 is said to be ip - congruence pair for 5 if for all
a,be S,a" € VP(a) and e € E,

(Alevae K, (e,ana’) EE=a e K

(B) a € K = (a'Bevya,a'Fa’Beyaca) € €

Theorem 2.14 If (¢, k) is an ip - congruence pair for S then for o’ € V?(a) /' € V(b) and
eck, and fe E,
(i) aab € K, (a'Ba,bybéa’'fa) € £ = acep be K
(ii)a € K, (aad’, f) € £ = (fu,ep, f, fu,a’ Bepaaf) € € whenever fu,a'Bep anf € E(S)
Proof: Let anb € K and (a'fa, byb'éa’Fa) € £. Then
(b'de)p, (ep, b)v(bde) = ba(byb'de)p, (byboe)
= ba(byb'de) (Since S is right orthodox)
= bde.

[C.f-tjb}’?'[yﬁfjﬂj {ﬂﬂlb] (ep, b?'br}drﬂﬂlbﬁ’b‘rjﬁb
(ept, byl )ab
ep b

Hence Vde € V' (ep,b). Similarly ep,a’ € V7 (aae). Again

(b'dep a’)Hlacep, a’)Facep, b)~(bdep, a’)
= (bde)p, (ep, b)y(b'de)u a' Bacep byb'd(ep a')Flace)p, (ep,a’)
= béep, (ep,byb'dep, a' Ba)alep byb dea’ Ba)aep ep, a’
= bdep, ep byb'dep a’' Bacep ep a’
= bdep,a' facep epa’
= bdep,a
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Similarly we have (acep,b)y(Vdep,a’)3(acep,b) = acep,b and we have Véep,a' € V2 (acep,b).
Now (acep, b)y(bdep a') = ac(a’ Ba)oep, byb'ée)p, a’ € aa(byl da’ Ba)aep, byl de)p, a’ since £

is normal. Moreover (aab)y(b'da’)S(acep, b)y(Hdep,a’) € Ea since ¥éa' € VF(aab) and
(aab b'da’ Sacep byb'dep,a’)Flacepn,b) = (aab)y(b'é(a' Sacep, bybdep o Sace)p,b) € K
since anh € K. Hence acep b € K by (A).

Let a € K and (aaa’, f) € £ Then by condition (B) we have (a'Sep, a, a' 3a’ Sep aca) € £.

Therefore

fﬁz el f £ 'IQ"IISC:H] f

¢ aaa'fep ana

(a'Fep a)oa

ace(a’'fa’fep, ana)oa’(Since £ s normal )

fre R

fu,a'Bep an f.

Hence the proof.

Given such a pair (£, K') we define a binary relation p, . on Sby (a,b) € p, ., ifand only

(E.K)
if there exist a’ € VP(a), ¥ € VI(b), a'8b € K, (acd’, byl daaa’) € &, ('db, ¥ ébya'Ba) € £.
To simplify the notation, given a congruence pair (£, K) we denote p . simply by p

unless otherwise stated.

Theorem 2.15 Let (£, K') be an ip - congruence pair for S and a,b € 5 be such that
(a.b) € p if and only if for all a* € VZ(a), b* € VI(b), a*Bb € K, (aca*, byb*daca®) €
£, (b*éb, b*dbya*Ba) € £.

Proof: Let a.b € S be such that {a,b) € p. Then there exist a’ & fo;’ (a),b' € T"irij (b)
such that a'8,b € K, (ac, ', by bdac a’) € & (Hd b bd bya'8a) € £ Since £ is an ip -

congruence pair on E{S). Now

*

aca* = (aaa’)B,(aca®)
¢ (by,b)é(ac,a’)B, (aca®)
= (byb*)8(by, V)é(aa,a’) 3, (aca®)
¢ (byb*)d(ac,a’)B, (aca®)
= (byb*)é(aca®).

and

10
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b*abh = (B*db)v, (B'd,b)
£ (B*ab)y (B, b)~ (a'Ba)
= (B*ab)vy, (b8 b}y (a' 5 a)y(a*d,a)
£ (b6b)y, (b',b)~v(a*da)
= (b*db)y(a*da).

To show that a*3b € K notice that o'3b € K and (aa,a’, by b'd aca’) € £ Then by
theorem 2.14 we have o', (aca*)5b € K. Now since K is a full partial I'-subsemigroup of S,
we have

a*B3bh = a*faca*3h
= a*flaa,a' 5 a)oa*5h
= (a*Ba)a, (a'8 a0a*3b) € K.
Theorem 2.16 Let (£, k) be an ip - congruence pair and a, b € 5 be such that for some
a" € VE(a), ¥ € VI(b), d'ab € K. (ana’, byl daaa’) € £ and (Vdb, Wébya'Ba) € £ then
(1) (a'Ba, a’Baak'db) € £
(12) bda € K
(iii) bya' € K
(iv) (byb, aca’Gbyb') € £.
Proof: (i) Let « € RS{aca’,nt): then bérfa € V*{a'8b) and o' fbyb'dxfa = a'Bafa.
Now
aca'fr = aaa [Srfaca

¢ (aoma')fxB(byb daca’)

= (aca’)3(byb')é{aca’)

¢ (aoca’)f(aca’)

= aoa'.
and hence by normality of £ we have

a'fefa = a'flaca’ Fx)fa
¢ a'Blaca’)Fa
= afa.
Now by Theorem 2.14(i7) we have
11
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a' da

(a'Ba)a(a’ Ba)al(a’Fa)

£ (a'Ba)a(bdrBa)a(a’Fa)ala’ 3b)y(a’ Fa)
a'Baab'é(xFaca’) Sbya’ a
a'Baak’'cBbya’ Ba

a' Baak'.c by (V' dbya' Ba)

£ a'Baak/'dcBbyb'db

a' Baak'éc3b.

and hence

(a'Ba)a(b'db) £ (a'Back/dxib)~(bdb)
= a'faal’dzfb
£ a'fa.

Hence (a'Ba, a’ Baal'dhb) € £.

(12) Let g € RS(byb, aca’). Then a'Ggéb € V] (Vda). Now by theorem 2.14(¢) we have
a'Bgdéb € K since g € E; a'8b € K and (aaa’, bybdaaa’)é. Since K is normal, we have
bda € K.

(i1) Now let kb € RS(Hdb, a'Ba), then anhyb € Vi(bya'). Since Véa € K, K is normal and
by (#2) we have byb'daca’ Bacch~b = by(Véaah)vb € K since b'éda € K and h € E(S5) C K.

Now using (7) we have,

hya'fa = a'Bacha Ba
¢ a'Baak/Sbhya’Ba
—  a'Baal'dbva Ba
o Baca' Ba

a’' Fa.

ey

and we have

acchvldbva' = ach~yl

acchya' faca’

£ aaa Faca
acva’

£ bybdana'

12
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Hence by condition (A), ach~yb € K and so bya' € K as required.
(fv) We now show that (bvd, acad’3bb') € £ Let b € RS(Véb,a'Ba). Then achyl’ €
Vi(bya'). Since

Bobrh H by byl b

£ Viobyhobdbya fa
Hébyhya' Ba
Hébya' Ba

¢ Hob.

we have,

bva'Blacch~b') = byla'Bach)vl
byhyb'

by (B'Sbyh )yl
¢ bbbl

= bW

Now by (i¢) bya" € K and hence by theorem 2.14(::), we have

by b’

(by¥)3(b7 )8 (b))

£ (by)d(aahy b )8(byH )6 (bya')B(byY)
byb dachal Bbrl

byb' daca’ Aaccha' byl

(by¥dand’) Blachya Bl

¢ aond Bach~ya Byl

acch~a’ Abb.

Hence
aca' 3byb £ (aca)Bachya’ Bbyb)
= achya'3bl
£ byl

Thus (b, aca’ 3byl') € £, Hence the theorem.

Theorem 2.17 Let (£, K') be an ip - congruence pair for 5. Then p = p, iy B an equivalence

relation on S.
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Proof: Let (£, K) be an ip - congruence pair for 5. Then p is clearly reflexive since
E(S) C K and £ is reflexive. The symmetry of p follows from (2}, (22) and (iv) of theorem
3.13. To show that p is transitive, let (a,b) € p and (b,c) € p. Alsolet o’ € VP (a), b € Vi(b)
and ¢ € V/(c). Then by definition of p we have (aaa’, byb'daca’) € £, (V'db, b ébya'Fa) €
£.a'fb e K (Y, cudvlinl') € £(dve, dvepbdh) € £ Kde € K. Since £ is compatible and

transitive we have,

ana & byl daca
£ cucvbbdana

£ cpcvaca'
and

c'vepa'fa £ dvepb'dbya’Ga
£ dvepbldb
£ e

Hence (aca’, cpc’vana’) € € and (c've, dvepa’Fa) € £, On the other hand, by symmetry
of p, we have Vda € K.c'vb € K and (bl ana’3b) € £ Let g € RS(cuc’, byl then
bdgra € K by theorem 2.14(i). Therefore

(c'vh)y(Fdgra) = ('vb)v(Hdgre)uc'va € K (1)

where Vogre € V¥(Jwb). Again let h € RS(cpud aca’) then o' Shve € VI (c'va). Since
(b,c) € p and p is symmetric, we have

cuc = cpcropd
£ cuc'vbybdeud
= cuc'vgrbyb'depd
£ cucvgroud
= cuc'ryg.
and since £ is normal, we have
vt vgue = dvbybdgre (2)

Again since (b, aaa’5byl') € € and (cpd, byl écud) € £ we have

14
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cud & bbdcud
£ aoa St dcud

£ aoa'fAcuc

and hence similarly we can show that
cuc'éc'vhre = dvana fhec (3)

Thus we have from (1) and (2) ('vbyb'édgre, dvana’Fhec) € £ Now from (1), (2) and (3)
and by condition (A) we have ¢'wva € K and hence (a, ¢) € p which completes the proof.

Theorem 2.18 Let (£, K) be an ip - congruence pair on a right orthodox I'-semigroup S
and @’ € Vi (a),b' € Va2 (b), ¢’ € Vi (c) then

(i) a € K implies (ac,a’)¢ € V! ((a'8,a)¢).

(ii) a € K,x € RS(a'3,a,ac,a’) implies that (aq, xa,a’, ac,a’) € & and (a'3,ca,a,a’8,a) €
£.

(17i) (a,b) € p,g € RS(dB,c,ac,a’),h € RS('3,¢, ba,b') implies that

(b B hab . V3 ha,baya' 3, ga,a) € €.

(iv) (a,b)p, g € RS(a’'B,a, ca,e’), h € RS(H 3,b, ca,c’) implies that

(acy, gov,a’, by ho b B a0 go a’) € £
Proof: (i) If a € K then by theorem 2.14(41)
(ac,a'8,a0a’ 5 ana’, (aa,a’)5,a' 8, (aa, a5 a0, (ac a’)) € €

ie, (axa’, (ac '), (a'F a)o, (ac, a’)) € & Again since K is a totally regular I'-subsemigroup
of 5 we have o’ € K and by similar argument we have (a'3,a, (a'5,a)x (ac a") 3, (a'5,a)) € &.
Hence we have (ac,a")§ € lfff;’ ((a'3,a)).

(12) Since a € K and r € RS(a'53 a. ac a’). by theorem 2.14(i1) we have
((ac,a’ )3, (ac, va )3, (ac, a'), (ac,a")5,a' 5, (a, va a’) 3, an, (ac,a’)) € £

i.e, (ac oo a’, (ae,a’)3, (a'5,a)a, (ac,a’)) € £, Hence using () we have (ao, oo a’, ana’) €
£. Similarly we can show that (a'3,xa a,a'F a) € £ by using o' € K.

(i2¢) Let (a.b) € p. Since p is symmetric we have (b,a) € p. From theorem 3.12(::) we
have ac, b’ € K, ((ac,a’ )€, (ba,b')E) € R and ((a'F,a)&, (V5,0)E) € £ in E(S)/&. Since g €

RS(dB,cana’) . h € RS (' B,e, ba,b ), 0 € RS(a'3,a,b' 3,b), we have o', ga, ' £ 1-".5? (covgal,
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b B,hagc € Vi (ca,b) and bayra,a’ € V' (aa,b). Againlet t € RS(g, (aa,b)3, (bayra,a’)) =
RS5(g, aa,raa’). Hence we have (ba,aa,a’) 3 ta,g € L:;;E' (gogac b') and boyoa, o' 5 to aa B =
bayoa a5 e, goy (goyac, V) € Eg . Again since £ is compatible and (a'5,a, a'5,ac,b'5,b) €

£,

a'fd ac rea’5a

£ ad'fac raa’ 8 a0 b 5,0

a' 3 ace x

= a'Faa b 5b
£ a'fa.
Hence by normality of £ we have
(aa, ro,a’ ac a’) € € (4)

Also (aa V)5, (boyra a’) = ac xaga’fan o’ and aa b € K, so by theorem 2.14(:2) we

get (ac,a’)f, to, (an a’)E(aa,a’) 3, (b, oo a’) 5, te, (aa V') 5, (aaa’).

Now
ac, @' 3t = (ac,a’)F (ac, xoa’) 5,1
= (aa xoa’)bt
= L
i.e,
ace,a' 3t =1 (5)

Now since (ao,a’3,ba,b’, ba,b') € £ we have

taac,a’ & (aa,a 8, ba b)), (bayea a') 3 ta, (aa b)) 5, (aa,a’)

£ bayraa'fte,(ac )3, (ac,a’).
Thus

taace, a' 3 b, & (bayoa a’) 5 tag (ac B3, (bo,b)
£ (bayraa")f tog (ac B') 3, (ba,b)
= (boyroa’ )5 tog (ac, B

16
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Le,
(tee e, b, (bov,xee, a’) B ta, (aa b') € € (6)
Now since ac,a'5,t =t and o' taya € E, , we have
b 3,bayre a8 ta,aa W3, = VEba,raa 5 ac a8 ta,ac,a’5,a0, b 5,b
¢ Vibaya'8 an,ra a8 an W 8,baa’ 5 ta,an, a5 a

b 3,bagya’ B ac,ra b 8,baya’ 8 ta,a

b 3,bagya’ B ac, b 3,ba,a’ B taga

£ Hi,baya 8 ta,a.

Thus

('8, bogra, a' B ta,an B 3,0, 5, bo,a’ 5, tag,a) € £ (7)

=1

Apain

hogta bt = hoyd 8o to ba B
= ho,d Seogan a8 ta b, b (by (5))

hev, e 3,000, goace a’ 3 tog boe, B

hev, e 5,000, gov, to, b, B

hev, e 5,000, go, tovace a3, ba, b (since (boa) € p)

T & oY

hev, o 5,00, gog tovgace oo a’ 3 bo b (By (4))

he, e B con gogang wo a’ 3 bag b

Iy

c ot L, L
hev, e B e gogan a’ 3 b b

oo L L
hev, e 3,000,000 a' 3 ba b

i i ! !
ho,ac a' 3 ba,b

= ha,bal

Thus

(heytagba,b, habal) € ¢ (8)

Now from (6) and (8) we have
(ha,bo, b, hoy (bogooe a') 3 tey, (ace BT)) € €

Since £ is normal and ¥ 3, ha,b € E, , we have
17
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(V' Byhayb)ayra (a8 taya)a, (B F,b) € E,,

Hence
(b 3 ha,b B B hag boe e @' B toan B E,b) € &

Also from (7) we have

b3 hogboy oo a’ B togao B 3,0 (b5, hoeb)o, (b 5, bag v o' 3 togaa B 3,6)
(b5, hee b)oy, (B 5, baga’ 3 b a)

b 3 he,bev,a’ 5 g a.

e

Thus
(V'8 ha b B 3 he baya' B taga) € &
Since acv a5, g = g and fa,g =t we have

bE, ko boya' 5, gog,a & WA ha baa' B te ac o 5, goa
= Wi haboa' Bt goa
= bahaboya’ B toga
& b hab.
Hence (' 5,ha, bl 3, ha,ba,a’ 5, go,a) € £ Which completes the proof.

(fv) is similar to ().

Theorem 2.19 Let (£, K) be an ip - congruence pair of 5. Then p is an ip - congruence on

S,

Proof: Let (£, K) be a congruence pair of S. Let a,b,c € S be such that (a,b) € p.
Then for any o' € ‘»fff;‘ (a). b € 1-’5?[&:} we have a'8,b € K. (ac,a', ba, b 5,a0,a") € £ and
(b 3,b. b 3,ba,a’ 3 a) € & To show that p is an ip - congruence on § we are to show only
(caga, cah) € p and (aa,c,bayc) € p for any ¢ € S with Vit(c) # ¢ . Let ¢ € Vid(c).
Again let g € RS('B,c.aa,a’) and h € RS F,c, bayl’). Then o' 3 go,c € Lf;“' (caya) and
BB ha,e € Vi3 (cayh). Also (caga)a, (@8, ga,e’) = caygond and (ca,b)ay (b8, haye’) =

cogho,e’. Now (a,b) € p and hence

18
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c'Byea,g = dBeogan,a’ B g

(' Byc)o, (ba, b B a0,a") 3, g

('8, c)e he, (ba,b) 5, (ac,a’) B, g
('B,c)aha,(an,a’) 8, g

('8, ha,g.

iy

oy

Again coyhage’ and co,haggoge’ are in Eg . as 5 is a right orthodox I'-semigroup and

henee by normality of £ we have

cogo,c & cog (3 co,g)0,
£ o Byea hogg)ogd
= cohoggogd
= (e hoyd) 3, (oo gog ).
i.e,
(cov,ga,e’ | (coy o, )8, (co,ga,c)) € € (9)

Now V3 hab = (W5, ha,d’) 5, (co,b) and o' 5 go,a = (o 5, g, ') 3, (e, and by Theorem
2.16(iii) we have

(b' B, ke b, B Bha,b)a,(a'5, go,a)) € £ (10)

Also by Theorem 2.14(i) we have

(a'8,ga, )3, (cab) = a' 8, (ga,c' B,c)a,b = a'B,ga,b € K (11)

Since a’'3 b € K and (aa a’, bo, b 5,a0,a") € &
From (9),(10) and (11) we have

(caya, cazb) €& (12)

19
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We now show that (ac c. ba,e) € &£ For this let ¢ € RS(a'8,a, co,e’) and h £
RSV 3,b, ca,d’. Then '5,gaa" € Iff (boy,e). Now since K is a full self conjugate I'-
subsemigroup of S and a'3,b € K, we have

(¢'B,ge0,a") 3, (baye) = ' B, (ga (@' 8, b) )a,c € K (13)

Now (aq,c)a,(dB,90,a") = ac, gov a” and (boy, b, b and from 4(ii) we have

(an,gev,a’, (bayha,b) 3, (an, gaa’)) € € (14)

Again (¢'8,g0,a") 5, (ac, c) = & B9, c and (' 5, ha b)) 3, (boyc) = ¢ B hage. Now

hayea,d =  ha,bB,ba,ca,d
¢ hay(bB,baya B,a)a, cayd
= (hoyb B,b),(d' B ac, g, ca, )
¢ hay,b Bba,ga,ca,d
= ha,ga,ca,d.

Now by normality of £ we have '35 ha,c € 3 ha,go e = (/S ho, c)o, (¢ 3, g ). Thus

(¢’ B hage, (8 hayc)a, (' Bg0,0)) € & (15)

From (13).(14) and (15) we have (aa,c, ba,e) € £ Hence p is an equivalence relation by

Theorem (4) p is an ip - congruence on S.

Theorem 2.20 Let S be a right orthodox I'-semigroup. If (£, K} is an ip - congruence pair
for 5 then P, 18 4l ip - congruence on S with trace £ and Kernel K. Conversely, if p is

an ip - congruence on S then (trp, Kerp) is an ip - congruence pair for 5 and p=p,,_ ...,

Proof:

Let (£, K) be an ip - congruence pair for 5. Then by theorem 2.17 p = piecy 18 an ip -
congruence on S. We now show that trp = £ and Kerp = K.

Let e be an a-idempotent and f be a F-idempotent and let (e, f) € p. Since e € V¥{(e)
and f & 1-"53{ f} we have (e, fFe) € £ and (f, fFe) € £. Since £ is an equivalence relation we
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have (e, f) € £ le, trp € £. Again suppose that for e € E, and f € Eg, (e, f) € £. Let
T € ‘I-*Ef:’ (¢) and y € I-'E? (f). Since e € K and K is regular, + € K and hence =3, f € K

since K is a I-subsemigroup. Again

v, f = ub,faf
(v, f) e
(yB,f)B(ea,xf,€)
(y5,f)8fa,x8 e
(w5, fa, (a8, e).

ST o T

and

eq, T = eqen T
¢ foa,lea,x)
(fo,ul, fa,(ea x)
(fe,y)G,( fayea, )
£ (fo,y)B,(enca,x)
(Foyy)B,(ea, )

Hence xf, f € K and (e x, (fo,y) 5, (en,x)) € € and (y53,f. (w5, f)a,(x5,e)) € & Thus
(e. f) € pand hence £ C trp. le, trp = £

Let us now show that Kerp = K. Let a € Kerp. Then there exists ¢ € E, such that
(a,e) € p. Hence we have a'de € K and (ava', eaeva’) € £ for any o' € V¥ (a). Hence by
Theorem 2.16(ii) we have eaa € K. Again since ecva = (ecavya'}da, by condition (A) we have
a€ K. Thus Kerp C K. Conversely let a € K. Let a' € VP {a) and & € RS(a’fa, acva’) then
a'Braa’ € VP (ana). Hence by Theorem 2.18(ii) we have aaa’ £ aaraa’ = aa{ana’Sxaa’) =
(aoa)a(a’Froa’) and a'fa £ o' fraa = o' fraa faca = (a'fraa’)flaca). Again a € K
implies a’ € K and so a’faca € K since K is totally regular I'-subsemigroup of 5. Hence
we have (a.aaa) € p. This implies a € Kerp. Henee K = Kerp,

Conversely suppose that p is an ip - congruence. Then trp is a normal ip - congruence on
E(S5) and Kerp is a normal partial I'-subsemigroup of 5. Let us now show that (trp. ker p)
satisfies conditions (A) and (B). To show (A), let for a € S, a' € VP{a) and ¢ € E,,
eva € Kerp and (e, ana’) € trp. Now
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Je

aca’ Fa

(aca’)Ba

eva(since p is an ip - congruence |

f.

for some d-idempotent f. Hence a € Kerp. Thus the condition (A) holds.

Next let (a,f) € p for some é-idempotent f. Since a € Kerp,a' € kerp for every

a' € VP{a). Let (a'.g) € p for some g-idempotent g. Now

a’Ha’ Fevaoa

Thus the condition (B) holds.

We now show that p =p . .

g gugpey fof
= guexf

p a'feva.

Let (a.b) € p and a' € V(a) and V' € VI(b). Now

since p is an ip - congruence a'3hpa’3a. Hence a'5b € Kerp. Again since (a,b) € p and p is

an ip - congruence on S we have

and

Thus we can say that g C p

the proof.
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