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Abstract- In this paper, we study certain subclasses of analytic functions involving multiplier transformations in the open unit
disc. We derive few subordination results for the functions in these subclasses and discuss the applications of subordination results
with the help of complex functions. We obtain coefficient estimates, radii of starlikeness, convexity and close-to-convexity,
extreme points, and integral means inequalities, growth and distortion theorems for these classes.
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1. INTRODUCTION AND PRELIMINARIES
Let IV denote the class of functions of the form

F@F =28+ payzft
n=2

(11)
which are analytic and univalent in the open disc U = {z € C: |z| < 1}. Also consider the subclass M of N consisting of
functions of the form

F(2)F =28 — Zﬁanzﬁ+n—1 B>0, a,=>0)
n=2

(1.2)
For any integer m, we defined the multiplier transformations I, of functions f € V" by

- B+l \"
l B — B _ - - B4+n—1
nf@2)F =z Zzﬁ(,8+l+n—1> tnZ
= 2/ = OB, Da,2P ", (120,7€ D)
n=2
(1.3)

where Q(n, 8,Da,, = ( o )m

B+l4n—1

A function f(z) € M is said to be in the class UST (a, k) (k-Uniformly starlike functions of order «) if it satisfies the condition:

f'@* } f'@?*
Re{z————a;>k|lz———-1|,0<a<1,k=0andz € U,
{ f(2)F f(2)*
(1.4)
And is said to be in the class UCV (e, k) (k-Uniformly convex functions of order «) if it satisfies the condition:
Re{1+zf”(z)ﬁ —a} >k Zf”(z)ﬁ —1{,0<a<1,k=0andzeU
f(2)F fr@F T T '
(1.5)
Indeed it follows from (4) and (5) that
f e ucv(ak) o zf € UST(a, k)
(1.6)
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The interesting geometric properties of these function classes were extensively studied by Waggas Galib Astan et. Al [16], Kanas
et al. in [14, 15], and Murugusundaramoorthy and Magesh [3,4], Astan and Kulkarni[17].Astan and Buti[18], S. M. Khairnar and
N. H. More [12], S. M. Khairnar and Meena More [10, 11].

Definition1.1: For two functions f and g analytic in U, we say that the function f is subordinate to g in U, denoted by f < g, if
their exist a Schwarz function w(z), analytic in U with w(0) = 0 and |w(2)| < |z| < 1 (z € U) , such that f(2) = g(w(2)) (z €
U).

In particular, if the function g is univalent in U, the above subordination is equivalent to £(0) = g(0), f(U) = g(U).

The Littlewood’s subordination theorem which we will use in our investigation to obtain the integral mean inequality.

Lemmal.2: If the functions f(z) and g(z) are analytic in U, with f(z) < g(z), then

2m 2m
[ lre a0 < [ lgtrey|"ae
0 0

(1.7)
Where n > 0, z =re’ and 0 < r < 1. Strict inequality holds for 0 <r < 1
Unless f is constant or w(z) = az, |a| = 1.
Let ¢(z) be an analytic function in U with ¢(0) = 1, ¢'(0) > 0 and R(¢(2)) > 0,z € U.
which maps the open unit disc U onto a region starlike with respect to 1 and is symmetric with respect to the real axis. Then,
byS*(¢@) and C(¢), respectively, denote the subclass of normalized analytic function class A which satisfy the following
subordination relation
f'(2)F f'(@)F
z <p@)and 1+ z—
f@F =7 f@F
These functions introduced and studied by Ma and Minda. For
1+(1-2a)z
o(2) = B —
These function classes reduce to the well known classes S*(a) of starlike functions of order a in U and C(«) of convex functions
of order a in U.

< ¢(2),zeU.

(zeU0<a< 1)

Definitionl: For 8 > 0,—1 < a < 1,1,k > 0 and I}, f(2)? given by (1.3), we difined a new class V!, (a, 8, A, k) as subclass of
consisting function f(z)? of the form (1.2) and satisfying analytic criterion
Re{ 2(1; £ (2)") a} - 2(1; f (2)")

AL @P) + A - DULf@P)

Azt f(P) + A = DL fF)

(1.8)

Il. COEFFICIENT ESTIMATE
We obtain Necessary and Sufficient condition for the function f(z)? of the form (1.2) to belong to the class V. (a, 8, A, k)

Theorem2.1: A function f(z)# is in the class V! (a, 8, A, k)if and only if
Z{[(l +k) = Ak + )](B+n—1) — (k + &)1 — D}BQ(n,B,Da, < A+ k) — (k +a)(AB + (1 - 2))
n=1

(21)
The result is sharp for the function
B 1+k)B—-(k+a)AB+1-2)
{[A+ k) = Ak + )] +n—1) = (k+a)(1 - D}BQM,B,D
Where > 0,-1<a<1,kl=>00<1<1

o0

an

A+ -(k+a)AB+1-2) Bin—1
n=2{[1 +k—-Ak+a)]B+n—-1)—-(k+a)(1— l)}Q(n,ﬁ,l)Z ’
Proof: Suppose that (2.1) is true for z € U. Then

2(1L f()F)
Re {AZ(I}nf(Z)ﬁ)' + (A -DUL )P a} =k

hf P = 28 -

2(IL f(2)P)
22(IL f(@)F) + (1= DAL fF(2)F)

1
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AB+1-2)-Z71BQ(m,B,D[AB+n—1) + (1 — D]a,z**
—(B+1-D] =%, QB D[B+n-1)—AB+n—-1) — 1 - D]a,z""!
(AB+1-D - X7 B, BDAB+n— 1 + (1 — Da,z"!
Allowing z — 1 along with real axis, we get

{ —a@B+1-D] -7 QM BDIB+n—-1D —al(B+n—-1) —a(l - l)]anZ"_l}
>

k

Z{[l +k—(k+a)A)B+n—-1)—(k+a)A—D}BQ(M,B,Da, <[(A+k)B—(k+a)(AB+1—21)]
n=1
Conversely,assume that f € J\f,,l1 (a, B, A, k), then

k

2(I f(2)F) . 2(ILf(2)P)
2L fF@F) + (L= DULfF@F) ‘ {Azu,lnf(zm + (1= DULF@DP) “}
2(1h f(2)F)
2z(ILf @) + (1 = DULF@)F)
< (1410 B=2B = =D) =5 QM BDIB+n = D=2 = (1 = Dlayz")

- | (B+0-2)- X5 B0mBDIB+n— DA+ (1 - Dlaznt |
is bounded above if < (1 — a), Letting z » 1-along the real axis,we have
(B=28-(1-1)-22 QM BDIBE+n—1DA - - (1-Dla,
(AB+@-1) -2, 8Q0m,BDIBE+n— DA+ (1 - Dla,

<(A+k) -1

<1+k

Z{(B +n-D[A+k) -k +a)] - (k+ )1 -D}PE(n,BDa, <1+ k) —(k+a)Af+1-2)
which completes the proof.
Il RADII OF STARLIKENESS, CONVEXITY AND CLOSE-TO-CONVEXITY

We obtain the radii of convexity and close-to- convexity results for f(z) functions in the classV;. (a, 8,1, k) in the following
theorem

Theorem3.1: Let f € N} (a, 5,4, k). Then f is starlike of order &, (0 < & < 1) inthe disk |z| < = ry(a, 8,4, k,n, §), where

inf [(B= U +k) = Ak + B +n—1) — (k + (1 — DI, B,D] /!

n=n>2 B+n—-06-D[A+k)E—-Gk+)AB+1-1)]
(3.1)
Proof: For 0 < § < 1, It is sufficient to show that
f'(2)F |
———-1|<1-9,
f(2)F
(3.2)
For |z| < ry, we have
Y B — _ Jx© _ n—1
Zf'(z) B 1‘ < ’(ﬁ 1) anzwﬂ(ﬁ +n _12)anz <1-5
f(Z)B 1 _Zn=2:8anzn
(3.3
Hence, (3.3) holds true if
c B+n—-6- L
a,llzI" ' <1
2 G- 5) a1
(3.4)
With the aid of (2.1) and (3.4) is true if
10
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([)’ OHIA+k) -Ak+a)]B+n-1) - (k+a)A-D}Q(,B,1

2" Bin—0-DIA+0B -kt +1-D]
(3.5)
Therefore,
o < [E=OUA+B Ak + DIB+n =D =k + (1~ DI B,D] 7
- B+n—-6-D[A+KB—-(k+a)AB+1-21)]
(3.6)
Setting |z| = r1(a, B, A, k,n, §)in (3.6), we get the radius of starlikeness, which completes the proof of theorem 3.1.
Theorem3.2: Let f € V! (a, B, 4, k). Then £ is convex of order 6, (0 < & < 1) in the disk
|z| <r =r(a,B, Ak, n b)) where
inf [(B=OUA+K) = Ak +DIB+n—1) - (k+ )1 - DI, B,D] "1
27n22] BHn-D@+n-6-D[A+kB—-(k+a)AB+1-2)]
3.7)
Proof: For 0 < § < 1, it is sufficient to show
f'(2)F
Zf'(z)ﬁ <1-96,
(3.8)
For |z| < r,, we have
f'(2)" (ﬁ—l)—Zf 2(B+n—1)(B+n-2)a,z"" <1-§
“F@P| = — T+ n—Da,zn =T
(3.9)
Hence, (3.9) holds true if
C(B+n—1D(B+n—6-1) .
> G5 iz <1
(3.10)
With the aid of (2.1) and (3.4) is true if
2|1 B-DA+k) -2k +)]B+n—-1) - (k+a)1-D}Q(nL,1D)
B+n-DB+n-5-D[A+B-(k+a)AB+1-2)]
(3.11)
o < [(E=UA+ B A+ DIB+n D)~ G+ )~ )00, B, "
A=21"B+n-DB+n-06-DIA+B— (k+)AE+1 -]
(3.12)

Setting z = r,(a, B, A, k,m, §)in (3.14), we get the radius of convexity, which completes the proof of theorem 3.2.
Theorem3.3: Let f € V. (a, B, A, k). Then f is close to convex of order 6, (0 < § < 1) inthe disk |z| < r = r3(a, B, 7,1, 6),
where

inf [(B=OUA+K) = Ak +DIB+n—1) - (k+ ) - DI, B,D] /1

BTn>2 B+n-0-DA+F-k+)AB+1-D)]
(3.13)
Proof: For 0 < § < 1, it is sufficient to show that
'(2)P
|f(z) c1_s
(3.14)
For |z| < r3, we have
2 B s
fzgz_)l -1 < (,6’—1)+Z,8(ﬁ+n— Da,z" 1| <1-6
n=2
(3.15)
11
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Hence, (3.15) holds true if
- B(B+n—1
ZMMnHle_l <1
n=2

B-98
(3.16)
With the aid of (2.1) and (3.16) is true if
2|1 < B-=DA+k) -2k +)]B+n-1) - (k+a)(1-D}Qnp,1)
- B+n-D[A+EB—-((+a)AB+1-2)]
(3.17)
Therefore,
o < [E=DUA 10 =26+ DIG+0 -1~k + 1= D},,D)
2= B+n-DIA+0B -k +a)Af +1— )]
(3.16)
Setting z = r3(a, B, A, k,n, 6)in (3.21), we get the radius of close-to-convexity, which completes the proof of theorem 3.3.
V. EXTREAM POINTS:
The extream points of the class V! (a, 8, A, k) are given by the following theorem.
Theorem 4.1: Let f,(2)F = z#,
3 Q+)p-k+a)(AB+1-2) e
W@ =2 P D Ak T DG Tn-D - + DA - DRGAD
(4.1)
Forn=2,34,...
Then, f € M (a, B, A, k)if and only if it can be expressed in the form
F@F =) Y fu@)f
n=1
(4.2)
Where
Y,=20and ) Y, =
(4.3)
Proof: Suppose that f can be express as in (4.2). Our aim is to show that f € N;! (a, B, 4, k).
By (4.2), we have that
F@F =) Y fu@F = VA + ) Y ()P
n=1 n=2
=Y f(2)Ff
- A+ -—(k+a)(AB+1—-2) o
+Zz n (Zﬁ TP Ia+ D=0+ I+ n-D - G+ D= DR AD )
(4.4)
=zYnZB—Ynﬁ QA+k)B—-(k+a)AB+1-21) JBn—1
o] {{A+K)-Ak+)]B+n—-1)—(k+a)(1-D}QMn,B,D
~ = A+ —k+a)AB+1—-2) .
e ,nyn @+ —Ak+ DG n-D -G+ 0A-DwAED”
Now,
12
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i {{A+ k) =2k + )IB+n—1) - (k + ) (1 - D}Q(n, B, 1)
A+kB-(Ck+a)AB+1-2)

A+kp-(k+a)AB+1-2)

+n—1
h {{A+k) -2k +a)]B+n—-1)—(k+a)(1—-D}Q(n, B, l)
- Z v, <1
(4.5)
Thus, f € N (a, B, A, k).
Conversely, assume that f € M (a, B, 4, k). Since
A+k)B—-(k+a)Ap+1-2) =2
SETAT - Ak + I B+n-D—k+ DA -DIQ@BD =
(4.6)
We can set
{[(1 +k)—Ak+a)]B+n—-1) - (k+a)(1 -}, B, 1) @ (n>2)
" A+f- G+ +1-2) On AL =
(4.7)
,=1- ) Y,
Then
f@F =2 - > Ba,zf*t
=ZB_ZﬁYn A+ —(k+a)Ap+1—-2) et
2, T -2k DG+ n—D - (et D1~ DIQWAD
=2 =Y V(o — £,())
(4.8)

=VA@P + ) L@ =) V@
n=2 n=1

This completes the proof of Theorem4.1

V. INTEGRAL MEANS:

Theorem 5.1: Letn > 0. If f € M. (a, 8, 4, k) and {¢(a, B, n)}?_, are nondecreasing sequences, then, for z = re® and 0 < r <
1

2n 2n
j|f(rei9)ﬂ|”d9 SJ |fa(re®)?|"d6
0 0

(5.1)

13
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where
b glA+ 0B+ 0+ -D)| .,
fZ(Z) =z .B QD((X ﬁ A k 2)
(5.2)
o(a, B Akn) =[[A+k) - Ak +)]B+n—1)— (k+a)(1—D]QnB,D.
Proof: Let f of the form of (1.2) and
B [A+KB-(k+a)(Ap+(1-D)] ,.
fZ(Z)ﬁ_Zﬁ_.B @(dﬁ/lkZ) ﬁ 1
(5.3)
Then we must show that
T < T [ +K)p — G+ )28+ A=D)] [
_ n—1 a —
Oj1 ;Banz d@s” ~B S@RAED do
(5.4)
By lemma 5.2, it suffices to show that
S . [(1 +K)B —(k+a)(AB + (1 — /1))]
1—;,8%2 T<1- @B kD)
(5.5)
Setting
. [(1 +)p—(k+a)(AB+ (1 - /1))]
1_Zﬁaz t=1- o(a, B, Ak, 2) @)
(5.6)
From (5.7) and (2.1) we obtain
ey | =[S 2leb bk nt
B VAN ) (R N (R M
<z o(a, B, k,2)
= Z A+B-Gk+)AB+A-D) "
(5.7)
<|z| < 1.
This completes the proof of Theorem 5.1.
VI. GROWTH AND DISTORSION THEOREM:
Theorem 6.1: If f € NV} (a, B, 4, k), then,
Bl +k)B—(k+a)(Ap +1— )] BlA+k)p —(k+a)(Af +1— /1)]
|z]F — @B Ak 2) |z|F*1 < f(2)F < |zIF + @ B Ak D)
(6.1)
Where ¢(a,B,4,k,n) =[[(1+k) —A(k+a)](B+n—1) — (k+a)(1—D]|Q(n,B,1
14
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This results are sharp

Theorem 6.1: If f € N4 (a, 8,4, k), then,

BlA+K)B—(k+a)(AB+1-D](B+1) o i
B Blz|F~tp(a, B, A, k,2) Iz|# < f@7 < Blz|f!

_l_ﬁ[(l +k)p—((k+a)AB+1-D]B+ 1)| I
o(a, B, Ak, 2) 2

(6.2)
Where ¢(a,B,4,k,n) =[[(1+k) —A(k+a)](B+n—1) — (k+a)(1—D]|Q(n,B,1

This results are sharp
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